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Abstract 
Myers, R., Excellent l-manifolds in compact 3-manifolds, Topology and its Applications 49 (1993) 
115-127. 
Necessary and sufficient conditions are given for a compact, properly embedded l-manifold _I in 
a compact, connected 3-manifold M to be homotopic rel aJ to a I-manifold K which is excellent 
in the sense that its exterior is Pz-irreducible and boundary irreducible and has the property that 
every properly embedded incompressible surface of zero Euler characteristic is boundary parallel. 
Moreover when this is the case there is a ribbon concordance from K to J and there are infinitely 
many such K with nonhomeomorphic exteriors. This theorem is then applied to extend results 
of the author on relative homology cobordisms and characterizations of certain 3-manifolds by 
their sets of knot groups to the nonorientable case; in the course of proving the latter result an 
extension to nonorientable 3-manifolds of Johannson’s theorem on the determination of boundary 
irreducible, anannular Haken manifolds by their fundamental groups is developed. In addition 
the Hass-Thompson characterization of closed, orientable 3-manifolds of Heegaard genus at most 
one is extended to bounded and/or nonorientable 3-manifolds. 
Keywords: 3-manifold, knot, link, ribbon concordance, homology cobordism, hyperbolic 3-mani- 
fold, nonorientable 3-manifold, Heegaard genus. 
AMS (MOS) Subj. Class.: Primary 57NlO; secondary 57M25, 5714150, 5714170 
1. Introduction 
Suppose X is a compact, connected 3-manifold. Call X excellent if it is P2- 
irreducible and boundary irreducible, it is not a -l-ball, it contains a two-sided, 
properly embedded incompressible surface, and every properly embedded incom- 
pressible surface of zero Euler characteristic in X is boundary parallei. (See [5] or 
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[6] for definitions; a surface is here taken to be a compact, connected 2-manifold.) 
By Thurston’s hyperbolization theorem (8, 15,161 excellent 3-manifolds admit 
hyperbolic structures, i.e., Riemannian metrics on their interiors having constant 
sectional curvature - 1. (Expositions of Thurston’s theorem usually assume orienta- 
bility, but the theorem is well known to hold in general and can be deduced from 
the orientable case.) 
Let K be a compact, properly embedded l-manifold in a compact, connected 
3-manifold M. It is not assumed that K is connected. The closure of the complement 
of a regular neighborhood of K in M will be called the exterior of K. By a slight 
abuse of language K will be termed excellent if the exterior X of K is excellent. 
(This terminology was suggested by Riley’s use of the term excellent knot in [ll].) 
Let M be a compact, connected, orientable 3-manifold whose boundary contains 
no 2-spheres. In [9] it was proven that M contains an excellent knot; this was used 
to prove that M is determined up to homeomorphism by its knot groups. In [lo] 
it was proven that such a manifold with nonempty boundary contains an excellent 
arc; moreover the arc can be chosen so that its boundary lies in any preassigned 
component of dM. This was used to prove that M is relative homology cobordant 
to an excellent 3-manifold and that every link in M is concordant to an excellent 
link. Recently Hass and Thompson [4] have used the main result of [9] to prove 
that a closed, orientable 3-manifold has Heegaard genus at most one if and only if 
it contains a solid torus into which every knot in the manifold isotops. 
The proofs in [9, lo] are rather complicated, depending in part on the properties 
of certain special handle decompositions associated to the dual cell complex of a 
triangulation of M. It should also be pointed out that Miibius bands and Klein 
bottles were not considered explicitly in those papers, but that the results follow 
from the fact that a compact, connected, orientable, irreducible 3-manifold with 
nonempty boundary which contains an incompressible, properly embedded, non- 
boundary parallel MGbius band (respectively Klein bottle) but no such annulus 
(respectively torus) must be a solid torus (respectively twisted I-bundle over a Klein 
bottle). 
In this paper the main results of [9, lo] are improved as follows: (1) The 3-manifold 
need not be orientable. (2) There is control over the homotopy class of the l-manifold. 
(3) The proof is easier and more natural, being via Heegaard splittings and a simple 
gluing lemma for excellent manifolds; the only difficult result needed is the existence 
of an excellent 3-tangle in a 3-ball. 
The main-theorem is the following: 
Theorem 1.1. Let M be a compact, connected 3-manf~old, Suppose J is a cornp~~t (but 
not necessarily connected), properly embedded 1 -manifold in M. J is homotopic rel aJ 
to an excellent 1 -manifold K if and only if J meets every 2-sphere in aM in at least 
two points and every projective plane in aM in at least one point. In this case there 
are injinitely many such K with nonhomeomorphic exteriors. Moreover, each K can be 
chosen so that it is n’bbon concordant to J. 
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Recall that K is ribbon concordant to J means that there is a smooth embedding 
f: K x I + M x I such that f( K x (1)) = K, f( K x (0)) = J, f(x, 1) = (f(x, I), t) for 
x E dK, and p of has no local maxima on K x [0, I), where p : M x I + I is projection 
onto the second factor. (See 121.) 
This theorem enables one to prove the following generalizations of [9, Theorem 
8.1; IO, Theorems 5.1 and 7.1; 4, Theorem 11. 
Let X(M) denote the set of isomorphism classes of knot groups of M. (All knots 
are required to be tame and to lie in the interior of M.) 
Theorem 1.2. Let M and N be compact, connecred 3-man~foids whose boundaries 
contain no 2-spheres or projective planes. Then Yl( M) = Yt( N) if and only if M and 
N are homeomorphic. 
The proof of this theorem requires the following generalization of Johannson’s 
theorem [7] that anannular, boundary irreducible Haken manifolds are determined 
by their fundamental groups. 
Theorem 1.3. Let X and Y be compact, connected, P2-irreducible, boundary irreducible 
3-mamfolds which contain two-sided, properly embedded, incompressible surfaces, and 
have the property that every incompressible, properly embedded annulus or Mobius 
band is boundary parallel. If rr,(X) and rr,( Y) are isomorphic, then X and Y are 
homeomorphic. 
Let MC,, and M, be compact, connected 3-manifolds. They are relative homology 
cobordant if there is a smooth, compact 4-manifold W (a relative homology cobord- 
ism) such that a W = Mow M, u ((aMO) x [0,11) and H*(Mi; 2) + H*( W; 2) are 
isomorphisms, i = 0, 1. If the M, are oriented one also requires that W be oriented 
and have oriented boundary (MO-- MI)+ ((dM,) x [0, 11). They are homoZogy 
coborda~t in the special case aM~=~. 
Theorem 1.4. Every compact, connected 3-manifold M, whose boundary contains no 
2-spheres or projective planets is relative homology ~obordant to an excellent 3-man~old 
Mt. 
A compression body is a finite boundary connected sum W of cubes with handles 
and products Si x 1, where each S, is a closed surface and the sums involving the 
Si x I are all taken along the S, x (0). Denote the union of the Si x { I} by 3, W and 
aW-a,W by&W. 
A Heegaard splitting of a compact, connected 3-manifold M is a pair (V, W), 
where V is a cube with handles, W is a compression body, M = VU W, and 
aV=a,W= Vn W. Note that aM=a,W. The genus of (V, W) is l-x(V). The 
Heegaard genus of M is the minimal genus taken over all Heegaard splittings of M. 
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Theorem 1.5. Let M be a compact, connected 3-manifold whose boundary contains no 
2-spheres or projective planes. There is a knot K in M such that every knot in M isotops 
into a regular neighborhood of K if and only if M has Heegaard genus at most one, 
i.e., M is homeomorphic to S’, S’ x S2, a lens space, the twisted 2-sphere bundle over 
S’, a solid torus, or a solid Klein bottle. 
Section 2 establishes the gluing lemma for excellent 3-manifolds. Section 3 deals 
with a useful inductive technique, called the sewing lemma, for constructing excellent 
l-manifolds. Theorem 1.1 is proven in Section 4, Theorems 1.2 and 1.3 in Section 
5, Theorem 1.4 in Section 6, and Theorem 1.5 in Section 7. 
2. The gluing lemma 
Let X be a compact, connected 3-manifold. Suppose F is a compact, properly 
embedded, two-sided 2-manifold in X. It is not assumed that F is connected. Let 
Y be the 3-manifold obtained by splitting X along F. Denote by F, and F2 the two 
copies of F in aY which are identified to obtain X. 
Lemma 2.1 (the gluing lemma). If each component of Y is excellent, F, u F2 and 
cl(a Y - (F, u F2)) are incompressible in Y, and each component of F, u F2 has negative 
Euler characteristic, then X is excellent. 
This is a standard cut and paste argument. The proofs of P2-irreducibility and 
boundary irreducibility are well known and will be omitted. X is clearly not a 3-ball, 
and a component of F clearly provides the required incompressible surface. Thus 
it remains to prove that incompressible, properly embedded surfaces of zero Euler 
characteristic are boundary parallel. This will be accomplished with the help of the 
following two lemmas. 
Lemma 2.2. Suppose S is a properly embedded, incompressible annulus or Mobius band 
in the irreducible, boundary irreducible 3-manifold X. If S is boundary-compressible, 
then S is boundary parallel. 
Proof. First assume that S is two-sided in X. Let D be a boundary-compressing 
disk for S and N a regular neighborhood of D in the 3-manifold obtained by 
splitting X along S. Surgery on S along D yields a properly embedded disk S’ 
which by irreducibility and boundary irreducibility cobounds a 3-cell B with a disk 
E in ax. Observe that B cannot contain N, for this would imply that &S is contained 
in E and hence would contradict the incompressibility of S. Therefore Bu N is a 
parallelism between S and the surface E u (N ndX) in 8X. 
Now suppose S is one-sided in X. Then a regular neighborhood V of S in X is 
a twisted I-bundle over S with associated al-bundle an annulus T which by 
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irreducibility is incompressible. A boundary-compressing disk D for S can be 
isotoped so that Dn V is a disk. The closure of the complement of this disk in D 
is then a bounda~-compressing disk for T. Hence T is boundary parallel. It follows 
that X is homeomorphic to the solid torus K Since X is assumed to be boundary 
irreducible, this cannot happen. 0 
A compressing annulus for a closed surface S in the interior of a 3-manifold X 
is an annulus A in X which meets S in one component of its boundary and dX in 
the other component of its boundary such that the inclusion induced homeomorph- 
ism r,(A) -f rl(X) is injective and A has no other intersections with S or 3X. 
Lemma 2.3. Suppose S is an incompressible torus or Klein bottle in rhe irreducible, 
boundary irreducible 3-manifold X. If S has a compressing annulus and every incom- 
pressible, properly embedded annulus and Miibius band in X is boundary parallel, then 
S is boundary parallel. 
Proof. First assume that S is two-sided in X. Let A be a compressing annulus for 
S and N a regular neighborhood of A in the manifold obtained by splitting X 
along S. Let S’ be the result of surgery on S along A. Then S’ is a properly embedded 
incompressible annulus or Mobius band, and so there is a parallelism P between 
S’ and a surface in ax. Now P cannot contain N, for if it did it would also contain 
S, thereby contradicting the incompressibility of S. Therefore P u N is a parallelism 
between S and a component of 8X. 
Now note that the case in which S is one-sided cannot occur. Otherwise the fact 
that every incompressible two-sided torus in X is boundary parallel would imply 
that X is homeomorphic to a twisted f-bundle over S. This contradicts the assump- 
tion that every incompressible, properly embedded annulus and Mobius band in X 
is boundary parallel. 0 
Proof of Lemma 2.1. Suppose S is an incompressible, properly embedded surface 
in X such that x(S) = 0. As usual one assumes that S and F are in general position 
and that the number of components of S n F is minimal. Incompressibility and 
irreducibility imply that no component is a simple closed curve bounding a disk on 
S or F. IrreducibiIity and boundary irreducibility imply that no component is a 
boundary parallel arc on S. Note that since F is two-sided in X one has that Sn F 
is two-sided in S. 
Suppose S is an annulus or Mobius band. 
If Sn F = 0, then S lies in Y and is therefore parallel to a surface T in a Y. If 
T n (F, u F2) = 0, then S is boundary parallel in X. If T n (F, u F2) # 0, then some 
component of FI u F2, and hence some component of F, has zero Euler characteristic. 
This contradicts a hypothesis on F. 
If S n F contains a spanning arc CY on S, then S n F consists entirely of spanning 
arcs which split S into a collection of disks in Y. Let D be one of these disks. By 
the boundary irreducibility of Y there is a disk D’ in a Y with c?D = 8D’. Then 
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D’n (F, u FJ consists of disks, each of which gives rise to a disk in F. Let E be 
one of these disks. Then dE consists of an arc in S, which we may take to be LY, 
and an arc in ax. Now En S may have other components, but we can replace E 
by an outermost disk, so that E n S = LY. Then E is a boundary-compressing disk 
for S, and so by Lemma 2.2 we have that S is boundary parallel. 
If Sn F consists of simple closed curves, then let LY be an outermost such curve 
on S. Then a cobounds an annulus T on S with a component /3 of as. Now T lies 
in Y and is parallel to an annulus which is the union of annuli 7” in F and T” in 
aS along a component of 8F. Pushing T across the parallelism to T’ and then past 
T’ removes at least one component from S n F, thereby contradicting minimality; 
so this case cannot occur. 
Now assume that S is a torus or Klein bottle. 
If Sn F =0, then S lies in Y and so is parallel to a component T of aY. Since 
no component of F has Euler characteristic zero, T lies in dX and so S is boundary 
parallel in X. 
If S n F # 0, then S n F splits S into annuli and Mobius bands. Let T be one of 
these. It is parallel in Y to a surface T’ in a Y. It is impossible for T' to lie in F, u F2, 
for then there would be an isotopy which would reduce the number of components 
of S n F, contradicting minimality. T’n (F, u FJ therefore consists of annuli having 
one boundary component in Int(F, u FJ and the other in d(F, u F2). The image in 
F of such an annulus is then a compressing annulus for S, and so by Lemma 2.3 
one has that S is boundary parallel in X. 0 
3. The sewing lemma 
Let Q be a compact, connected 3-manifold with 8Q # 0. We say that Q has the 
excellent arcs property if for every set of m + 2k disjoint arcs LY, , . . . , a,, /3,, . . . , f&k 
in aQ, m,k 3 0, m +2k> 0, there exist m +2k disjoint, properly embedded arcs 
Y1,...,3/m, &,..., SZk in Q such that 8 yi = dcvi for 1 G i c m, 8, and 8,+k join the 
endpoints of pi to those of Pj+k for 1 s j G k, ai u ‘yi and pj u Sj u Pjtk u sjtk each 
bound singular disks in Q, and y, u . . . u y,,, u 6, u . 3 . u ?Szk is excellent. The set 
of singular disks above will be called an excellent system of singular disks. Those of 
the first kind are singular half-disks for CY,, and those of the second kind are singular 
bands joining /3, and /3j+k. 
A ribbon disk is a singular disk all of whose singularities are ribbon singularities, 
i.e., it is the image of a transverse map g : D + Q whose double curves are disjoint 
pairs of arcs w, WI, with o in Int(D) and w’ properly embedded in D, which are 
identified by g. The boundary of g(aD) is ribbon concordant to the boundary of 
an embedded disk; moreover the ribbon concordance can be chosen so that it is 
fixed on any preassigned finite set of disjoint arcs in g(8D). Singular half-disks and 
bands which are ribbon disks will be called ribbon halfidisks and ribbon bands, 
respectively. Note that in this case yi is ribbon concordant to an arc r: which 
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cobounds an embedded disk in Q with CY,, and 6, u 8,+k is ribbon concordant to 
s; u S;+k which cobounds an embedded disk in Q with pjupj+,. If the excellent 
system of singular disks above consists of disjoint ribbon disks, then Q has the 
excellent ribbon arcs property. In this case the union of the y, and Sj is ribbon 
concordant to the union of the yi and a.:, and the resulting embedded disks are 
disjoint. 
Lemma 3.1. Every compact, connected 3-manifold Q such that aQ # 0 and contains 
no 2-spheres or projective planes has the excellent ribbon arcs property. 
The proof will be by a sequence of lemmas. An n-tangle in a 3-manifold is an 
n-component system of properly embedded arcs. The basic existence result is the 
following. 
Lemma 3.2. The 3-ball contains an excellent 3-tangle. 
Proof. By the case n = 3 of Proposition 4.1 of [lo] the true lover’s 3-tangle is 
excellent. IJ 
Problem 3.3. Find an easier proof of Lemma 3.2. 
Lemma 3.4. 7’he 3-ball has the excellent ribbon arcs property. 
Proof. To establish the excellent arcs property it is sufficient to prove that the 3-ball 
contains excellent n-tangtes. If one is unwilling to quote the general case of the 
proposition cited above, one can proceed as follows. 
First let n 2 4 and assume by induction that 3-balls contain excellent (n - 
1)-tangles. Let B be a 3-ball and D a properly embedded disk in B separating tl 
into 3-balls B, and B,. Choose distinct points x and y in Int( D). Choose an excellent 
(n-1)-tangleh,u+* . u A,_, in 8, whose intersection with D is {x, y), with x being 
an endpoint of An-* and y an endpoint of A,_., . Choose an excellent 3-tangle 
p, u pz v pL3 in BZ such that p, joins x and y, and the 3-tangle is otherwise disjoint 
from D. The exterior X of the n-tangle whose components are A,, . . . , hn-3r 
hn-2u p, u A,_, , wr, and pu3 can be expressed as the union of the exteriors Y, of 
A,u.. ’ v A,_, and Yz of pL1 u p2 u p3 along the obvious disk with two holes F 
contained in D. Now a surface which is contained in an incompressible boundary 
component of a compact 3-manifold and is not a disk is incompressible in the 
3-manifold if and only if no component of its complement in the boundary com- 
ponent has closure a disk. It follows that cl((a Y) - F,) and the copy F, of F in a Y; 
are incompressible in Y,. Lemma 2.1 then implies that X is excellent. 
To establish the excellent ribbon arcs property it is sufficient to take the composi- 
tion of an excellent n-tangle with its mirror image. See [lo, Figs. 6 and 71. 
The cases n = 2 and n = 1 are left to the reader. 0 
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Let Q be a compact, connected 3-manifold with aQ # 0. Suppose G is a two-sided, 
properly embedded surface in Q. It is not assumed that G is incompressible in Q. 
Let R be the 3-manifold obtained by splitting Q along G. Let G, and G2 be the 
copies of G in R which are identified to obtain G in Q. 
Lemma 3.5 (the sewing lemma). If each component of R has the excellent arcs property 
and no component of cl((dR) -(G, v G,)) is a disk, then Q has the excellent arcs 
property. If, in addition, each component of R has the excellent ribbon arcs property, 
then so does Q. 
Proof. Isotop G so that it misses cy, u . . . u a, u PI u * - * u Pzk. 
First assume that R is connected. Choose two disjoint arcs 5 and n in Int(G). 
Let 5’ and 7’ be the copies of 5 and 7, respectively, in G,. Choose an excellent 
system of singular disks in R as follows. If m 2 1 require that the system consists 
of singular bands joining LY, to {‘, l2 to n*, and, for 1 <j c k, pj to Pj+k, and singular 
half-disks for 7’ and, for 2 s is m, for cri. If m = 0 require that the system consists 
of singular bands joining p, to &‘I, c2 to n*, 7’ to /3,+k, and, for 2 s j 6 k, fij to /!Ijtk. 
This scheme yields a system of singular half-disks for the (Y, and singular bands 
joining p, to Pjtk in Q. There is an obvious surface F in G which splits the exterior 
X of the resulting tangle in Q into the exterior Y of the previous tangle in R. Since 
no component of cl((aR) - (G, u G,)) is a disk, no component of cl((a Y) - (F, u F,)) 
is a disk. It then follows from the boundary irreducibility of Y that F, u F2 is 
incompressible in Y. Since F has at least four boundary components x(F) < 0 and 
it follows that cl((a Y) - (F, u F2)) is incompressible in Y. Hence by Lemma 2.1 one 
has that X is excellent. 
Now assume that R has two components R, and R,. One may assume that G, 
lies in dR,. Choose an excellent system of singular disks in R, and R2 as follows. 
If for some p 2 2 exactly p of the pairs p,, P,+k lie in different components of R, 
say pj in R, and Pj+k in R2 for 1 sjsp, choose p disjoint arcs n,, . . . , q, in Int(G), 
and require the system to consist of singular half-disks in R for (Y~, 1 s i c m, and 
singular bands joining pj to 73 in R,, 77: to Pjtk in R2 for 1 s j < p, and pi to Pjfk 
in R, for p-t 1 sjs k. If there is exactly one pair, say p,, P,+k, with p, in R, and 
Pltk in R2, choose three disjoint arcs E, 5, and n in Int(G), and require the system 
to consist of singular half-disks in R for cyi, 1 d is m, and singular bands joining 
/3, to E’ in R,, e* to l2 in R2, b’ to r]’ in R,, 17 ’ to Pltk in R2, and, for 2~ j< k, 
pj to @j+k in R. If there are no such separated pairs choose two disjoint arcs 5 and 
n in Int( G) and proceed as follows. If k 2 1, then, assuming /3, lies in aR,, require 
the system to consist of singular half-disks for czi in R, for 1s i G m, and singular 
bands joining /3, to 5’ in R,, l2 to n2 in R2, v2 to P,+k in R,, and, for 2sjs k, 
pj to Pjtk in R. If k = 0, then, assuming Q, lies in dR, , require the system to consist 
of singular half-disks for n’ in R, and ai in R, for 2~ is m, and singular bands 
joining (Y, to 5’ in R, and 5’ to n* in R2. In all cases one obtains a system of 
singular half-disks for the ai and singular bands joining the pj to the /3,+, in Q. 
The obvious surface I; in G splits the exterior X of the resulting tangle in Q into 
the exteriors Y, of the chosen tangles in the R,. Then x(F) < 0 and it follows as 
before that Fi u F2 and cl((a Y) - (F, u Fz)) are incompressible in Y. Thus by Lemma 
2.1, X is excellent. 
Note that if the singular disks in R are disjoint ribbon disks then the singular 
disks in Q constructed above are disjoint ribbon disks, and so Q has the excellent 
ribbon arcs property. c1 
Proof of Lemma 3.1. The proof is by successive applications of Lemma 3.5. First 
use Lemma 3.4 and induction on the genus to conclude that every cube with handles 
has the excellent ribbon arcs property. Then note that for each closed surface S 
other than St or P2, the product SX I has the excellent ribbon arcs property; this 
can be seen by choosing a noncontractible separating simple closed curve w in S 
and noting that the annulus w x I splits S x I into two cubes with handles. From 
these two facts it follows that every compression body whose boundary contains 
no 2-spheres or projective planes has the excellent ribbon arcs property. Finally 
suppose Q is a compact, connected 3-manifold such that 8Q # 0 and contains no 
2-spheres or projective planes. Apply Lemma 3.5 to V and W, where (V, W) is a 
Heegaard splitting of Q. q 
4. The main result 
Proof of Theorem 1.1. Suppose M is a compact, connected 3-manifold and J a 
compact l-manifold properly embedded in M. The condition that J meets each 
2-sphere in 8M in at least two points and each projective plane in aN in at least 
one point is clearly necessary. Assume that it is satisfied. Let Q be the exterior of 
.I in A4. Then aQ contains no 2-spheres or projective planes and so by Lemma 3.1 
we have that Q has the excellent ribbon arcs property. 
For some component .I,, of J choose an arc L contained in the interior of J, and 
let B = LX D2 be the pre-image of L in the normal disk bundle (i.e., regular 
neighborhood) of Jo in M. Choose an arc cr in IntfL x S’). There is an excellent 
ribbon half-disk for cr in Q. Let y be the associated excellent ribbon arc in Q. Let 
h up be an excellent ribbon 2-tangle in B such that A joins one endpoint of L to 
one endpoint of CY and p joins the other endpoint of L to the other endpoint of (Y. 
Let K be the l-manifold obtained from J by replacing L by A uy v y. Then J is 
homotopic rel dJ to K; in fact it is easily seen that K is ribbon concordant to J. 
The exterior X of K in M is the union of the exterior Y,, of y in Q and the exterior 
Y, of A up in B along the obvious sphere with four holes F in dB. It is easily 
checked that F and cl((a Y,) - F) are incompressible in YO, and that cl((8 Y,) - F) 
is incompressible in Y, . Lemma 2.1 then implies that X is excellent. 
It is also easily checked that F is boundary incompressible in X. Now repeat the 
above operation on K, using an arc L, disjoint from A u p u y, to obtain a l-manifold 
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K, and an incompressible, boundary incompressible sphere with four holes F, in 
the exterior X, of K, . Continuing in this fashion one obtains a sequence of K,, F,,, 
and X,,. The surfaces F,, . . . , F,, lie in X, and are incompressible, boundary 
incompressible, and nonparallel. It then follows from Haken’s finiteness theorem 
[3] that for some k > 0, X,,, and X, are not homeomorphic if m, n 2 k and m # n. q 
5. Knot groups, fundamental groups, and homeomorphisms 
In this section we indicate the modifications needed in the proof of [9, Theorem 
8.11 and the Swarup/Jaco proof [ 14,6] of Johannson’s theorem [7, Corollary, p. 61 
to extend them to the nonorientable case. 
Proof of Theorem 1.2. The reverse implication is obvious, so assume .?C( M) = rC( N). 
The first result needed is the existence of an excellent knot K in M having regular 
neighborhood a solid torus. This follows from the fact that every element of r,(M) 
is represented by an excellent knot. The second result needed is Theorem 1.3, which 
is proven below. The remainder of the proof is identical to that of [9, Theorem 8.11, 
to which the reader is referred. 0 
Proof of Theorem 1.3. By the Waldhausen-Heil theorem (see [5, Theorem 13.91) it 
suffices to show that any isomorphism from n,(X) to nr( Y) preserves peripheral 
subgroups. 
Let F be an annulus or Mobius band, M a 3-manifold, and f: (F, aF) + (M, aM) 
a map such that f,: nl(F)+ T,(M) is injective. Call f essential if its restriction to 
a spanning arc (Y of F is not homotopic rel aa to a map whose image lies in aM; 
call f nondegenerate if f is not homotopic as a map of pairs to a map whose image 
lies in aM. Essential maps are nondegenerate; the converse holds if M is aspherical 
and boundary irreducible. M is homotopically anannular if it admits no nondegener- 
ate maps of an annulus. 
Assume that M is a compact, connected, P2-irreducible, boundary irreducible 
3-manifold which is not a 3-ball and which contains a two-sided, properly embedded 
incompressible surface. One first observes that if every properly embedded incom- 
pressible annulus or Mobius band in M is boundary parallel, then M is homotopi- 
tally anannular. For if not, then by the annulus theorem [l, Theorem 4, p. 2331 
there is an essential embedding of an annulus or Mobius band F in M. If F is 
two-sided in M, then it is incompressible in M and hence boundary parallel; this 
contradicts the fact that it is essential. If F is one-sided in M, then the frontier A 
of a regular neighborhood of F in M is an incompressible annulus which must be 
boundary parallel. It follows that M is a solid torus, contradicting boundary 
irreducibility. 
Now let G be a finitely presented group and H a subgroup of G. The number 
of ends e(G, H) of the pair (G, H) is then by definition the number of ends of the 
covering space X(H) corresponding to H of any finite complex X such that 
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r,(X) = G. (See [6] for more discussion.) We consider the case in which G = r,(M) 
and H = r,(S) for S a closed surface other than a 2-sphere or projective plane. 
[6, Proposition VII.241 asserts that if M is orientable and homotopically anannular 
and H is peripheral, then e(G, H) = 1. Jaco’s proof, however, does not use his 
assumption of orientability. [6, Proposition VII.221 asserts that if M is orientable 
and e( G, H) = 1, then H is peripheral. For nonorientable manifolds this is false, 
as is shown by the example of M a union of two copies of a twisted I-bundle over 
a surface S along the associated al-bundle and H the fundamental group of one 
copy of S; then k(H) is a twisted R-bundle over S. However, this situation is easily 
handled as follows. 
If e( G, H) = 1 and e( G, K) = 1 for each index-two subgroup K of H, then H is 
peripheral. This is proven by the following modified version of the proof of [6, 
Proposition VII.221. 
Let G(H) be the covering space of M corresponding to !-I. By Scott’s compact 
core theorem [ 121 there is a compact 3-dimensional submanifold iV of k(H) such 
that 7r,( N) + G(H) is an isomorphism. We may assume that N lies in the interior 
of ii?(H). Then /i?(H) is irreducible because its orientable double cover is Haken 
and so has universal covering space R’ [ 181; hence we may assume that c?N is 
incompressible in c(H). By [5, Theorem 10.51 N is homeomorphic to an I-bundle 
over S. 
Suppose N is a product bundle. Then as in Jaco’s argument j@(H) - N has one 
unbounded component and at most one bounded component. (A set is bounded if 
its closure is compact.) Any such bounded component must have closure a product 
I-bundle over S and so we may assume that it does not exist. Then IV has as one 
boundary component a boundary component of G(H) and it easily follows that 
H is peripheral. 
Suppose N is a twisted bundle. Then fi(ll) - N has exactly one component, 
and this component is unbounded. Let q : $ + N be a double covering map, where 
A is a product I-bundle over a surface homeomorphic to 8N. Let K = q*(r,( k)). 
Then q extends to a double covering map q : A%(K) -+ A%(H), where &?f( fo consists 
of fi and two copies of k( H) - N which are interchanged by the nontrivial covering 
translation. Thus A?(K) has two ends, contradicting e( G, K) = 1, so this case cannot 
occur. q 
6. Relative homology cobordisms 
Lemma 6.1. Let W be a compression body whose boundary contains no 2-spheres or 
projective planes. l%en the boundary connected sum W, of W and a solid torus is 
relative homology cobordant to an excellent 3-manifold W,. 
Proof. W, is homeomorphic to the exterior of an arc CY in W which cobounds a 
disk in W with an arc in d W. Since W has the excellent ribbon arcs property, there 
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is an excellent arc (Y, in W which is ribbon concordant to CQ. Let W, be the exterior 
of (or in W. A Mayer-Vietoris sequence and five lemma argument as in [ 10, Lemmas 
2.6 and 2.71 then shows that the exterior of a ribbon concordance from LY, to (Y,, in 
W x [0, l] is a relative homology cobordism between W, and W,. Cl 
Proof of Theorem 1.3. Let MO be a compact, connected 3-manifold whose boundary 
contains no 2-spheres or projective planes. Let (V,, W,) be a Heegaard splitting of 
M. By adding trivial handles, if necessary, we may assume that V, and W, satisfy 
the conditions of the previous lemma and thus are relative homology cobordant to 
excellent 3-manifolds V, and W,. By another Mayer-Vietoris and five lemma 
argument, the 4-manifold obtained by gluing together the two relative homology 
cobordisms is a relative homology cobordism between MO = V,u W, and the 3- 
manifold M, = V, u W, , which by the gluing lemma is excellent. 0 
7. A characterization of 3-manifolds of Heegaard genus at most one 
Proof of Theorem 1.5. The proof is merely a combination of the arguments of [4] 
with Theorem 1.1. It is sketched here for completeness. Let M be a compact, 
connected 3-manifold whose boundary contains no 2-spheres or projective planes. 
If M has Heegaard genus at most one then it clearly has the stated property. 
Suppose K is a knot in M having a regular neighborhood V into which every 
knot in M isotops. Let J be an excellent knot in M having regular neighborhood 
N and exterior X. Isotop N into the interior of V. Then dV lies in the interior of 
X. Since there are infinitely many such J with nonhomeomorphic exteriors, we may 
assume that X is not homeomorphic to the exterior of K, and hence 8V is not 
parallel to aN in X. If dV is incompressible in X, then it must be parallel to a 
component S of aX other than JN. It follows that W is a product Z-bundle and 
hence (V, W) is a genus-one Heegaard splitting. If dV is compressible in X, then 
the compression yields a 2-sphere which bounds a 3-ball in the irreducible 3-manifold 
X. It follows that W is a solid torus or solid Klein bottle so one again has a genus-one 
Heegaard splitting. See [5] for the classification of such manifolds. 0 
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